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LOCALLY SOLVABLE SUBNORMAL AND QUASINORMAL
SUBGROUPS OF DIVISION RINGS
LE QUI DANH AND HUYNH VIET KHANH
Abstract. Let D be a division ring with center F , and G a subnormal or
quasinormal subgroup of D∗. We show that if G is locally solvable, then G is
contained in F .
1. Introduction
The present paper is devoted to examining the algebraic structure of locally solv-
able subnormal subgroups and locally solvable quasinormal subgroups of a division
ring. It turns out that such kinds of subgroups are always contained in the center of
the division ring. By definition, a subgroup N of a group G is said to be subnormal
if there is a finite chain of subgroups
N = Nr ≤ Nr−1 ≤ · · · ≤ N0 = G,
for which Ni+1 is normal in Ni. If Q is a subgroup of G such that the relation
QH = HQ holds for any subgroup H of G, then we say that Q is quasinormal (or
permutable) in G. There are close relations between the two kinds of subgroups,
and we recommend to [9, Chapter 7] for additional information. It is interesting
to know that if G is finitely generated, then every quasinormal subgroup of G is
subnormal ([10, Theorem B]). Whereas, we do not have the converse; there are
examples demonstrate that the two notations are distinguished. More precisely, if
G is a dihedral group of order 8 generated by subgroups A and B of order 2, then
AB 6= BA since |AB| = 4 and G 6= AB. However, the fact that G is nilpotent
implies both A and B are subnormal. Furthermore, the authors in [1] constructed
examples of quasinormal subgroups in the multiplicative subgroup D∗ of a division
ring D that are not subnormal.
Let us briefly describe the line of area of study. In the literature, there are very
rich results in the study on the multiplicative subgroups of a division ring (see e.g.
[5]). As a direction of the study, in 1950’s and 1960’s, many authors paid attention
on an interesting problem that to figure out how far D∗ is from abelian. In this
direction, a well-known result of L. K. Hua says that if D∗ is solvable, then D is a
field. The result motivated various authors to consider some aspects of subnormal
subgroups, in stead of D∗. It was shown that a subnormal subgroup of D∗ will
be contained in the center F of D if it is locally nilpotent, solvable, or n-Engel
(see [11],[7],[8]) respectively). In the case of locally solvable, the work of A. E.
Zalesskii [15] shows that every locally solvable normal subgroup of D∗ is contained
in F . Now we want to consider locally solvable subnormal subgroups of D∗. It is
unknown till now that whether every locally solvable subnormal subgroup of D∗
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is central. Relating to this problem, the authors in [4] showed that the question
has positive answer in the case when D is algebraic over F . In section 2, we give
the affirmative answer in the general setting to the question; that is, we show that
every locally solvable subnormal subgroup is contained in F . In section 3, we figure
out that the analogous result also holds for locally solvable quasinormal subgroups.
Throughout this note, if D is a division ring with the center F and S ⊆ D,
then F [S] and F (S) denotes respectively the subring and the division subring of
D generated by F ∪ S. For any group G, let τ(G) be the unique maximal periodic
normal subgroup of G, and B(G) be the preimage of the Hirsch-Plotkin radical of
the group G/τ(G) via the natural group homomorphism G −→ H/τ(G). If H is a
subgroup of G, then NG(H) and H
G respectively denotes the normalizer and the
normal closure of H in G.
2. Locally solvable subnormal subgroups
Lemma 2.1. [13, Point 20] Let R = F [G] be an algebra over the field F that is a
domain, where G is a locally solvable subgroup of the group of units of R such that
B(G) = F ∗ ∩ G. Then R is an Ore domain. Moreover, if D is the skew field of
fractions of R, then ND∗(G) = GF
∗.
Lemma 2.2. Let D be a division ring with center F . If N is a subnormal subgroup
of D∗, then B(N) ⊆ F .
Proof. Since τ(N) is a periodic subnormal subgroup of D∗, it is contained in
F by ([6, Theorem 8]). For any finitely generated subgroup H of B(N), because
B(N)/τ(N) is locally nilpotent, it follows that Hτ(N)/τ(N) is nilpotent. Thus,
we have [[H,H ], . . . , H ] ⊆ τ(N) ⊆ F , from which we conclude that B(N) is locally
nilpotent. Since B(N) is normal in N , it is a subnormal subgroup of D∗, and hence
B(N) ⊆ F by [7].
Lemma 2.3. Let D be a division ring with center F . If N is a locally solvable
non-central subnormal subgroup of D∗, then F (N) = D and ND∗(N) = NF
∗.
Proof. Since the division subring F (N) is normalized byN , by Stuth’s theorem
[11, Theorem 1], it follows that F (N) = D. If we set R = F [N ], then R is an Ore
domain by [14, Corollary 24]. Thus, the skew field of fractions of R is coincided with
D. By Lemma 2.2, we haveB(N) ⊆ F∩N , henceB(N)/τ(N) ⊆ (F∩N)/τ(N). But
(F ∩N)/τ(N) is clearly an abelian normal subgroup of N/τ(N). The maximality
of B(N)/τ(N) in N/τ(N) implies that B(N)/τ(N) = (F ∩N)/τ(N), from which
we have B(N) = F ∩N . Finally, Lemma 2.1 says that ND∗(N) = NF
∗.
The following lemma may be adapted from Zalesskii [15].
Lemma 2.4. Let D be a division ring, and N a normal subgroup of D∗. If N is
locally solvable, then N ⊆ F .
Theorem 2.5. Let D be a division ring with center F . If N is a locally solvable
subnormal subgroup of D∗, then N ⊆ F .
Proof. There is nothing to prove if D is commutative. Assume that D is
non-commutative and that N 6⊆ F . Since N is subnormal in D∗, there exists a
(finite) series of subgroups
N = Nr ENr−1 E · · ·EN0 = D
∗.
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It follows by Lemma 2.3 that ND∗(N) = NF
∗, which is a locally solvable group.
Since Nr−1 ⊆ ND∗(N), we conclude that Nr−1 is a locally solvable group. By
induction, we have D∗ is also locally solvable. According to Lemma 2.4, one has D
is commutative, which is a contradiction.
3. Locally solvable quasinormal subgroups
Recall that a group G is radical over a subgroup H if every g ∈ G, exists n > 0
such that gn ∈ H .
Lemma 3.1. Let G be a group. If Q is a quasinormal subgroup of G, then either
Q is subnormal in G or G radical over Q.
Proof. If G is not radical over Q, then exists a ∈ G such that xn /∈ Q for all
n ≥ 1. It follows by [3, Theorem 2] that Q E QG E G, which implies that Q is
subnormal in G.
Lemma 3.2. Let D be a division ring, and H a subgroup of D∗. If D∗ radical over
H, then R[H ] = R(H) for every subring R of D.
Proof. Let x be a non-zero element of R[H ]. It suffices to prove that x−1 ∈
R[H ]. By hypothesis, there exists a positive integer n for which xn = a ∈ H . From
this, we have x−1 = xn−1a−1. Since both xn−1 and a−1 belong to R[H ], it follows
that x−1 ∈ R[H ].
Lemma 3.3. Let D be a division ring, and H a non-abelian subgroup of D∗.
Assume that D∗ be radical over H. If R is a subring of D containing H, then
R = D.
Proof. It follows by Lemma 3.2 that R = R[H ] = R(H). Since D∗ is radical
over H , which implies that D is radical over R. If R 6= D, then [2, Theorem B]
says that D is a field. Consequently, H is abelian, a contradiction.
Theorem 3.4. Let D be a division ring, and H a locally solvable subgroup of D∗.
If D∗ is radical over H, then D is a field.
Proof. By hypothesis, D is radical over F (H). If H is abelian, then [2,
Theorem B] implies that D is a field, and we are done. Now assume that H is
non-abelian. It follows by Lemma 3.2 and Lemma 3.3 that D = F [H ] = F (H).
According to [12, Point 3], H contains an abelian normal subgroup A such that
H/A locally finite. Since H is radical over A, so is D∗. Consequently, D is radical
over the field F (A). Again, [2, Theorem B] yields thatD is a field, a contradiction.
Theorem 3.5. Let D be a division ring with center F . If Q is a locally solvable
quasinormal subgroup of D∗, then Q ⊆ F .
Proof. By Lemma 3.1, either Q is subnormal in D∗ or D∗ is radical over Q.
If the first case occurs, then we are done by Theorem 2.5. If D∗ is radical over Q,
then D is a field by Theorem 3.4.
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